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1 Introduction

The radial Schrödinger equation can be written as:

y′′(x) = [l(l + 1)/x2 + V (x)− k2]y(x). (1)

Mathematical Models in theoretical physics and chemistry, material sciences, quan-
tum mechanics and quantum chemistry, electronics etc. can be express via the above
boundary value problem (see for example [1–4]).

For the above Eq. (1) we have the following definitions:

– The function W (x) = l(l + 1)/x2 + V (x) is called the effective potential. This
satisfies W (x) → 0 as x → ∞

– The quantity k2 is a real number denoting the energy
– The quantity l is a given integer representing the angular momentum
– V is a given function which denotes the potential.

The boundary conditions are:

y(0) = 0 (2)

and a second boundary condition, for large values of x , determined by physical con-
siderations.

Large research on the construction of numerical methods for the solution of the
Schrödinger equation has been done the last years. The aim and scope of this research
is the construction of fast and reliable methods for the solution of the Schrödinger
equation and related problems (see for example [5–40]).

More specifically the last years:

– Phase-fitted methods and numerical methods with minimal phase-lag of Runge–
Kutta and Runge–Kutta Nyström type have been developed in [10–33].

– In [34–36] exponentially and trigonometrically fitted Runge–Kutta and Runge–
Kutta Nyström methods are obtained.

– Multistep phase-fitted methods and multistep methods with minimal phase-lag are
developed in [41–103].

– Symplectic integrators are studied in [104–118].
– Exponentially and trigonometrically multistep methods have been developed in

[119–132].
– Review papers have been written in [133–135] and Proceedings of Conferences

have been published in [136–139].

We can divide the numerical methods for the numerical solution of the Schrödinger
equation and related problems into two main categories:

1. Methods with constant coefficients
2. Methods with coefficients depending on the frequency of the problem.1

1 When using a functional fitting algorithm for the solution of the radial Schrödinger equation, the fitted
frequency is equal to:

√
|l(l + 1)/x2 + V (x)− k2|.
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The purpose of this paper is to develop a new tenth algebraic order eight-step method
which has the phase-lag and its first and second derivative equal to zero. We study the
local truncation error and the stability for several methods and a comparative error
analysis and a comparative stability analysis are presented in this paper. We will apply
the new proposed method to the numerical solution of the radial Schrödinger equa-
tion. The efficiency of the new methodology will be proved via theoretical analysis and
numerical applications. We note here that general conclusions about the importance
of several properties on the construction of numerical algorithms for the approximate
solution of the radial Schrödinger equation are also presented in this paper.

More specifically, we will develop a family of implicit symmetric eight-step
methods of tenth algebraic order. The development of the new family is based on
the requirement of vanishing the phase-lag and its first and second derivatives. We
will investigate the stability and the error of the methods of the new family. Finally,
we will apply the new proposed method to the resonance problem. This is one of
the most difficult problems arising from the radial Schrödinger equation. The paper
is organized as follows. In Sect. 2 we present the theory of the new methodology. In
Sect. 3 we present the development of the new family of methods. A comparative error
analysis and its conclusions are presented in Sect. 4. In Sect. 5 we will investigate the
stability properties of the new developed methods. In the same section a compara-
tive stability analysis is also presented. In Sect. 6 the numerical results are presented.
Remarks and conclusions are discussed in Sect. 7. Finally in the Appendices we pres-
ent analytic expansions for the errors for several methods and the expansion of the
characteristic equation in the special case s = v.

2 Phase-lag analysis of symmetric multistep methods

For the numerical solution of the initial value problem

p′′ = f (x, p) (3)

consider a multistep method with m steps which can be used over the equally spaced
intervals {xi }m

i=0 ∈ [a, b] and h = |xi+1 − xi |, i = 0(1)m − 1.
If the method is symmetric then ai = am−i and bi = bm−i , i = 0(1)�m

2 �.
When a symmetric 2k-step method, that is for i = −k(1)k, is applied to the scalar

test equation

p′′ = −ω2 p (4)

a difference equation of the form

Ak(v) pn+k + · · · + A1(v) pn+1 + A0(v) pn

+A1(v) pn−1 + · · · + Ak(v) pn−k = 0 (5)

is obtained, where v = ωh, h is the step length and A0(v), A1(v), . . . , Ak(v) are
polynomials of v.
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The characteristic equation associated with (5) is given by:

Ak(v) λ
k + · · · + A1(v) λ+ A0(v)+ A1(v) λ

−1 + · · ·
+Ak(v) λ

−k = 0 (6)

Theorem 1 [140] The symmetric 2k-step method with characteristic equation given
by (6) has phase-lag order r and phase-lag constant c given by

− c vr+2 + O(vr+4) = 2 Ak(v) cos(k v)+ · · · + 2 A j (v) cos( j v)+ · · · + A0(v)

2 k2 Ak(v)+ · · · + 2 j2 A j (v)+ · · · + 2 A1(v)
(7)

The formula proposed from the above theorem gives us a direct method to calculate
the phase-lag of any symmetric 2k-step method.

Remark 1 The First and Second Derivatives of the phase-lag for the multistep methods
are computed based on the above direct formula (7).

3 The new family of eight-step methods

3.1 Development of the new methods

We introduce the following family of methods to integrate p′′ = f (x, p):

4∑

i=1

ai (pn+i + pn−i )+ a0 pn = h2

[
4∑

i=1

bi
(

p′′
n+i + p′′

n−i

) + b0 p′′
n

]

(8)

where a4 = 1.
In order to develop the new method we apply the following procedure:

1. General requirements for the new proposed method
We require the above method to have:

– the maximum algebraic order and
– three free parameters,

The satisfaction of the above two requirement leads to the following relations:

b0 = 30 b4 + 16 b3 + 6 b2 − 95

6

b1 = −16 b4 − 9 b3 − 4 b2 + 125

12

(9)
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2. Computation of the difference equation and the associated characteristic
equation
Now we apply the above method to the scalar test Eq. (4) and we get the following
difference equation:

4∑

i=0

Ai (v) (pn+i + pn−i ) = 0 (10)

where v = ωh, h is the step length and Ai (v), i = 0(1)4 are polynomials of v.
The characteristic equation associated with (10) can be written as:

4∑

i=0

Ai (v)
(
λi + λ−i

)
= 0 (11)

where

A0 = v2
(

30 b4 + 16 b3 + 6 b2 − 95

6

)

A1 = −1 + v2
(

−16 b4 − 9 b3 − 4 b2 + 125

12

)

A2 = 2 + v2 b2

A3 = −2 + v2 b3

A4 = 1 + v2 b4 (12)

3. Computation of the corresponding phase-lag
We apply now the direct formula for the computation of the phase-lag (7) for k = 4
and for A j , j = 0, 1, . . . , 4 given by (12). This leads to the following equation:

phl = T0

T1

T0 = 2
(

1 + v2 b4

)
cos(4 v)+ 2

(
−2 + v2 b3

)
cos(3 v)

+ 2
(

2 + v2 b2

)
cos(2 v)+ 2

(
−1 + v2

(
− 16 b4 − 9 b3

− 4 b2 + 125

12

))
cos(v)+ v2

(
30 b4 + 16 b3 + 6 b2 − 95

6

)

T1 = 10 + 32 v2 b4 + 18 v2 b3 + 8 v2 b2 + 2 v2
(
−16 b4

− 9 b3 − 4 b2 + 125

12

)
(13)

4. Computation of the corresponding first derivative of the phase-lag
The phase-lag’s first derivative is given by:

˙phl =
[
−1

5

(
− 4608 v b4 − 2304 v b3 − 576 v b2 + 4608 v cos(v) b4
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+ 3456 v cos(v) b3 + 1152 v cos(v) b2 − 2304 sin(v) v2 b4

− 1728 sin(v) v2 b3 − 576 sin(v) v2 b2 − 4800 sin(v) v4 b4

− 3600 sin(v) v4 b3 − 1200 sin(v) v4 b2 + 3000 sin(v) v2

+ 3125 sin(v) v4 + 576 sin(v) cos(v) v2 b2

+ 1200 sin(v) cos(v) v4 b2 + 1680 v + 720 sin(v)− 1152 sin(v) cos(v)

− 3456 sin(v) cos(v)2 + 4608 sin(v) cos(v)3 − 2400 sin(v) cos(v) v2

+ 4608 sin(v) cos(v)3 v2 b4 + 9600 sin(v) cos(v)3 v4 b4

+ 1728 sin(v) cos(v)2 v2 b3 + 3600 sin(v) cos(v)2 v4 b3

− 2304 sin(v) cos(v) v2 b4 − 4800 sin(v) cos(v) v4 b4

+ 4800 cos(v)4 v − 4800 cos(v)3 v − 2400 cos(v)2 v − 576 cos(v)2 v b2

+ 2304 cos(v)2 v b4 − 2304 cos(v)4 v b4 − 1152 cos(v)3 v b3

+9600 sin(v) cos(v)3 v2 − 7200 sin(v) cos(v)2 v2
)]/

(
12 + 25 v2

)2
(14)

5. Computation of the corresponding second derivative of the phase-lag
The phase-lag’s first derivative is given by:

¨phl =
[
−1

5

(
33984 + 373248 v2 b4 + 172800 v2 b3 + 36288 v2 b2

− 55296 b4 − 27648 b3 − 6912 b2 + 91584 cos(v)

− 68400 v2 − 222336 cos(v)2

+ 115200 v4 b4 − 28800 v4 b2 + 60000 v4 − 93312 cos(v) v2 b2

− 28800 cos(v) v4 b2 − 182016 cos(v)3 + 278784 cos(v)4

+ 399600 cos(v) v2 − 158400 cos(v)3 v2 − 626400 cos(v)2 v2

− 373248 cos(v) v2 b4 − 115200 cos(v) v4 b4 − 321408 cos(v) v2 b3

− 110592 v sin(v) b4 − 82944 v sin(v) b3 − 27648 v sin(v) b2

− 120000 cos(v) v6 b4 − 259200 cos(v) v4 b3 − 270000 cos(v) v6 b3

− 30000 cos(v) v6 b2 − 230400 v3 sin(v) b4 − 172800 v3 sin(v) b3

− 57600 v3 sin(v) b2 + 55296 cos(v) b4 + 41472 cos(v) b3

+ 13824 cos(v) b2 + 472500 cos(v) v4 + 78125 cos(v) v6

+ 27648 v b2 sin(v) cos(v)+ 57600 v3 b2 sin(v) cos(v)

+ 221184 sin(v) cos(v)3 v b4 + 460800 sin(v) cos(v)3 v3 b4

+ 172800 sin(v) cos(v)2 v3 b3 + 82944 sin(v) cos(v)2 v b3

− 110592 sin(v) v cos(v) b4 − 230400 sin(v) v3 cos(v) b4

+ 240000 sin(v) cos(v) v3 + 115200 v sin(v) cos(v)+ 120000 v6 b4

− 30000 v6 b2 − 6912 cos(v)2 b2 − 27648 cos(v)4 b4 + 960000 cos(v)4 v4
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+ 561600 cos(v)4 v2 − 13824 cos(v)3 b3 − 540000 cos(v)3 v4

+ 27648 cos(v)2 b4 − 840000 cos(v)2 v4 + 921600 cos(v)4 v4 b4

+ 393984 cos(v)4 v2 b4 + 960000 cos(v)4 v6 b4 + 148608 cos(v)3 v2 b3

+ 259200 cos(v)3 v4 b3 + 270000 cos(v)3 v6 b3 + 60000 cos(v)2 v6 b2

− 393984 cos(v)2 v2 b4 + 57024 cos(v)2 v2 b2 − 921600 cos(v)2 v4 b4

+ 57600 cos(v)2 v4 b2 − 960000 cos(v)2 v6 b4 − 960000 sin(v) cos(v)3 v3

− 460800 sin(v) cos(v)3 v + 720000 sin(v) cos(v)2 v3

+345600 sin(v) cos(v)2 v
)]/(

12 + 25 v2
)3

(15)

6. Demand for the satisfaction of the relations (13), (14) and (15)
We demand that the phase-lag and its first and second derivatives to be equal to
zero, i.e. we demand the satisfaction of the relations (13), (14) and (15). We find
out that:

b2 = 1

24

(
75 cos(v) sin(v)6 + 336 sin(v)6 − 1605 sin(v)4

− 841 cos(v) sin(v)4 + 1780 cos(v) sin(v)2 + 2284 sin(v)2 − 1008

−1008 cos(v))
(

243420 cos(v) sin(v)8 v − 18144 cos(v) sin(v)10 v

+ 73560 cos(v) sin(v)5 v2 − 524292 cos(v) sin(v)6 v

+ 3600 cos(v) sin(v)9 v2 − 72288 cos(v) sin(v)2 v

+ 387576 v sin(v)4 cos(v)− 40824 cos(v) sin(v)3 v2

− 33888 cos(v) sin(v)7 v2 − 18144 v cos(v)

+ 54432 sin(v) cos(v)+ 63216 sin(v)2 v + 40824 sin(v)3 v2

− 425988 sin(v)4 v − 318384 cos(v) sin(v)3 − 42840 sin(v)3 v4

+ 725760 sin(v)6 v − 495132 sin(v)8 v + 41580 sin(v)7 v2

− 79692 sin(v)5 v2 − 2628 sin(v)9 v2 + 109355 sin(v)5 v4

− 94395 sin(v)7 v4 + 28125 sin(v)9 v4 + 105456 sin(v)10 v

+ 603468 cos(v) sin(v)5 − 420084 cos(v) sin(v)7

+ 21600 sin(v)11 cos(v)+ 58032 cos(v) sin(v)9

+ 7200 sin(v)12 v + 18144 v − 54432 sin(v)+ 345600 sin(v)3

+696132 sin(v)7 − 755856 sin(v)5 − 242172 sin(v)9+11232 sin(v)11
)/

(
v4

(
5625 sin(v)6 − 18879 sin(v)4 + 21871 sin(v)2 − 8568

)
sin(v)11

)

(16)

b3 = 1

48

(
−880 cos(v) sin(v)2 − 1168 sin(v)2

123



J Math Chem (2010) 48:1092–1143 1099

+666 sin(v)4 + 576 + 298 cos(v) sin(v)4 − 75 sin(v)6 + 576 cos(v)
)

(
− 28608 cos(v) sin(v)5 v2 + 71232 cos(v) sin(v)6 v

− 18144 cos(v) sin(v)2 v − 83520 v sin(v)4 cos(v)

+ 93120 cos(v) sin(v)3 v2 + 31104 v cos(v)

− 31104 sin(v) cos(v)+ 33696 sin(v)2 v − 134208 sin(v)3 v2

+ 66936 sin(v)4 v + 135648 cos(v) sin(v)3 − 55480 sin(v)3 v4

− 98496 sin(v)6 v + 28800 sin(v)8 v − 7200 sin(v)7 v2

+ 77436 sin(v)5 v2 + 28125 sin(v)5 v4 − 148320 cos(v) sin(v)5

+ 43200 cos(v) sin(v)7 − 31104 v + 31104 sin(v)− 151200 sin(v)3

− 85248 sin(v)7 + 205416 sin(v)5 + 63936 sin(v) v2 + 27360 sin(v) v4

−63936 sin(v) cos(v) v2
) /

(
sin(v)9

(
5472 − 11096 sin(v)2 + 5625 sin(v)4

)
v4

)
(17)

b4 = − 1

96

(
144 + 144 cos(v)− 172 cos(v) sin(v)2

−244 sin(v)2 + 93 sin(v)4 + 25 cos(v) sin(v)4
)

(
16512 cos(v) sin(v)5 v2 + 24384 cos(v) sin(v)6 v

+ 19584 cos(v) sin(v)2 v − 47268 v sin(v)4 cos(v)

− 12744 cos(v) sin(v)3 v2 − 2400 cos(v) sin(v)7 v2

+ 2592 v cos(v)− 7776 sin(v) cos(v)− 18288 sin(v)2 v

+ 12744 sin(v)3 v2 + 57384 sin(v)4 v + 33264 cos(v) sin(v)3

− 2880 sin(v)3 v4 − 44208 sin(v)6 v + 7200 sin(v)8 v

+ 8928 sin(v)7 v2 − 21924 sin(v)5 v2 + 3125 sin(v)5 v4

− 33552 cos(v) sin(v)5 + 7200 cos(v) sin(v)7 − 2592 v

+ 7776 sin(v)− 37152 sin(v)3 − 19584 sin(v)7

+49212 sin(v)5
) (

sin(v)11
(
−576 + 625 sin(v)2

)
v4

)
(18)

7. Taylor series expansions of the obtained coefficients
For small values of |v| the formulae given by (16)–(18) are subject to heavy can-
cellations. In this case the following Taylor series expansions should be used:

b2 = − 33961

181440
+ 58061

380160
v2 − 114941161

6227020800
v4 + 78851779

78460462080
v6

− 34785197

494926848000
v8 − 13423756441

24329020081766400
v10
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− 156136506251233

562000363888803840000
v12 − 8148804619499

276985893630910464000
v14

− 8745761934237617

2419748766759633813504000
v16 + · · ·

b3 = 173531

181440
− 58061

1330560
v2 + 60053897

43589145600
v4 − 5734501

156920924160
v6

− 651395527

266765571072000
v8 − 11665883797

42575785143091200
v10

− 14989282592857

562000363888803840000
v12 − 5795535181309

2215887149047283712000
v14

− 231843167482133

891486387753549299712000
v16 + · · ·

b4 = 45767

725760
+ 58061

10644480
v2 + 88852949

174356582400
v4 + 81007601

1569209241600
v6

+ 857181503

152437469184000
v8 + 2185407102427

3406062811447296000
v10

+ 168261172258691

2248001455555215360000
v12 + 170514753691237

19389012554163732480000
v14

+ 69983291279922121

67752965469269746778112000
v16 + · · · (19)

The behavior of the coefficients is given in the following Fig. 1.
8. Computation of the local truncation error

The local truncation error of the new proposed method is given by:

LTE = −58061 h12

31933440

(
y(12)

n + 3ω2 y(10)
n + 3ω4 y(8)n + ω6 y(6)n

)
(20)

4 Comparative error analysis

We will study the following methods:

– The Numerov’s method which is indicated as NUMEROV
– The Exponentially-fitted two-step method developed by Raptis and Allison [38]

which is indicated as RAAL
– The Exponentially-fitted two-step P-stable method developed by Kalogitatou and

Simos [40] which is indicated as KALSIM
– The Exponentially-fitted four-step method developed by Raptis [39] which is indi-

cated as RAP
– The eight-step ninth algebraic order method developed by Quinlan and Tremaine

[143] which is indicated as QT9
– The ten-step eleventh algebraic order method developed by Quinlan and Tremaine

[143] which is indicated as QT11
– The twelve-step thirteenth algebraic order method developed by Quinlan and

Tremaine [143] which is indicated as QT13
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Fig. 1 Behavior of the coefficients of the new proposed method given by (16)–(18) for several values of v

– The classical eight-step method of the family of methods mentioned in paragraph
4 which is indicated as CL

– The method produced by Alolyan and Simos [144] which is indicated as PLD1
– The new developed eight-step method with phase-lag and its first and second deriv-

atives equal to zero obtained in paragraph 4 which is indicated as PLD12

The error analysis is based on the following steps:

1. The radial time independent Schrödinger equation is of the form

y′′(x) = f (x) y(x) (21)

2. Based on the paper of Ixaru and Rizea [141], the function f (x) can be written in
the form:

f (x) = g(x)+ G (22)
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where g(x) = V (x) − Vc = g, where Vc is the constant approximation of the
potential and G = v2 = Vc − E .

3. We express the derivatives y(i)n , i = 2, 3, 4, . . . , which are terms of the local
truncation error formulae, in terms of the Eq. (21). The expressions are presented
as polynomials of G.

4. Finally, we substitute the expressions of the derivatives, produced in the previous
step, into the local truncation error formulae.

Based on the procedure mentioned above and on the formulae:

y(2)n = (V(x)− Vc + G) y(x)

y(4)n =
(

d2

dx2 V(x)

)
y(x)+ 2

(
d

dx
V(x)

) (
d

dx
y(x)

)

+ (V(x)− Vc + G)

(
d2

dx2 y(x)

)

y(6)n =
(

d4

dx4 V(x)

)
y(x)+ 4

(
d3

dx3 V(x)

) (
d

dx
y(x)

)

+ 3

(
d2

dx2 V(x)

) (
d2

dx2 y(x)

)

+4

(
d

dx
V(x)

)2

y(x)

+ 6 (V(x)− Vc + G)

(
d

dx
y(x)

) (
d

dx
V(x)

)

+ 4 (U(x)− Vc + G) y(x)

(
d2

dx2 V(x)

)

+ (V(x)− Vc + G)2
(

d2

dx2 y(x)

)
. . .

we obtain the expressions mentioned in Appendix A for the above methods.
We consider two cases in terms of the value of E :

– The Energy is close to the potential, i.e. G = Vc − E ≈ 0. So only the free terms
of the polynomials in G are considered. Thus for these values of G, the methods
are of comparable accuracy. This is because the free terms of the polynomials in
G, are the same for the cases of the classical method and of the new developed
methods.

– G 	 0 or G 
 0. Then | G | is a large number. So, we have the following
asymptotic expansions of the Eqs. (46)–(54).

The Numerov’s method

LTENUMEROV = h6
(

− 1

240
y(x)G3 + · · ·

)
(23)
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The method of Raptis and Allison [38]

LTERAAL = h6
(

− 1

240
g(x) y(x)G2 + · · ·

)
(24)

The exponentially-fitted two-step P-stable method developed by Kalogitatou and
Simos [40]

LTEKALSIM = h6
(

− 1

144
y(x)G3 + · · ·

)
(25)

The Exponentially-fitted four-step method developed by Raptis [39]

LTERAP = h8
(

− 19

6048
g(x) y(x)G3 + · · ·

)
(26)

The eight-step ninth algebraic order method developed by Quinlan and Tremaine
[143]

LTEQT9 = h10
(

− 45767

725760
y(x)G5 + · · ·

)
(27)

The ten-step eleventh algebraic order method developed by Quinlan and
Tremaine [143]

LTEQT11 = h12
(

− 52559

912384
y(x)G6 + · · ·

)
(28)

The twelve-step thirteenth algebraic order method developed by Quinlan and
Tremaine [143]

LTEQT13 = h14
(

− 16301796103

290594304000
y(x)G7 + · · ·

)
(29)

The classical method of the family (see [144] for more details)2

LTECL = h12
(

− 58061

31933440
y(x)G6 + · · ·

)
(30)

2 Classical method of the family is the method of the family with constant coefficients which has the same
algebraic order.
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The method produced by Alolyan and Simos [144] (see [144] for more details)

LTEPLD1 = h12
[(

987037

31933440

(
d2

dx2 g(x)

)
y(x)

+ 58061

15966720

(
d

dx
g(x)

) (
d

dx
y(x)

)

+ 58061

31933440
g(x)2 y(x)

)
G4 + · · ·

]
(31)

The new proposed method of the family

LTEPLD12 = h12
[

58061

7983360
G4

(
d2

dx2 g(x)

)
y(x)+ · · ·

]
(32)

From the above equations and Table we have the following theorem: (Table 1)

Theorem 2 1. Fourth Algebraic Order Methods:
– For the Numerov’s Method the error increases as the third power of G
– For the Method of Raptis and Allison [38] the error increases as the second

power of G
– The Exponentially-fitted two-step P-stable method developed by Kalogitatou

and Simos [40] the error increases as the third power of G
So, for the numerical solution of the time independent radial Schrödinger equa-
tion the Method of Raptis and Allison [38] is the most accurate Fourth Algebraic
Order Method, especially for large values of | G |=| Vc − E |.

2. Sixth and Eighth Algebraic Order Methods:
– For the Exponentially-fitted four-step method developed by Raptis [39] the

error increases as the third power of G
– For the eight-step ninth algebraic order method developed by Quinlan and

Tremaine [143] the error increases as the fifth power of G
So, for the numerical solution of the time independent radial Schrödinger equa-
tion the Exponentially-fitted four-step method developed by Raptis [39] is the most
accurate Method with Algebraic Order Six or Eight, especially for large values of
| G |=| Vc − E |.

3. High Algebraic Order Methods (Ten and Twelfth Algebraic Order Methods):
– For the ten-step eleventh algebraic order method developed by Quinlan and

Tremaine [143] the error increases as the sixth power of G
– For the twelve-step thirteenth algebraic order method developed by Quinlan

and Tremaine [143] the error increases as the seventh power of G
– For the Classical Method of the Family (see [144] for more details) the error

increases as the sixth power of G
– For the method produced by Alolyan and Simos [144] the error increases as

the fourth power of G
– For new proposed method produced in this paper the error increases as the

fourth power of G but with smaller coefficient than the method of Alolyan and
Simos [144]
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Table 1 Comparative error
analysis for the methods
mentioned in Sect. 4

We note that CFAE is the
coefficient of the maximum
power of G in the asymptotic
expansion and order of G is the
order of the maximum power of
G in the asymptotic expansion
of the local truncation error

Method Algebraic Order of G CFAE
order

NUMEROV 4 3 − 1
240

RAAL 4 2 − 1
240

KALSIM 4 3 − 1
144

RAP 6 3 − 19
6048

QT9 8 5 − 45767
725760

QT11 10 6 − 52559
912384

QT13 12 7 − 16301796103
290594304000

CL 10 6 − 58061
31933440

PLD1 10 4 987037
31933440

PLD12 10 4 58061
7983360

So, for the numerical solution of the time independent radial Schrödinger equation
the new proposed method produced in this paper is the most accurate Method ,
especially for large values of | G |=| Vc − E |, since it is a tenth algebraic order
methods for which the error increases as the fourth power of G but with smaller
coefficient than the method of Alolyan and Simos [144].

5 Stability analysis

In order to define the interval of periodicity we follow the procedure:

1. Application of the proposed method to the scalar test equation
The method (8) with the coefficients (16)–(18) is applied to the scalar test equation:

ψ ′′ = −t2ψ, (33)

where t �= ω.
2. Definition of the difference equation and the corresponding characteristic

equation
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We obtain the following difference equation:

Ak(s) ψn+k + · · · + A1(s) ψn+1 + A0(s) ψn

+A1(s) ψn−1 + · · · + Ak(s) ψn−k = 0 (34)

where s = t h, h is the step length and A0(s), A1(s), . . . , Ak(s) are polynomials
of s.
The characteristic equation associated with (34) is given by:

Ak(s) ϑ
k + · · · + A1(s) ϑ + A0(s)+ A1(s) ϑ

−1 + · · · + Ak(s) ϑ
−k = 0 (35)

3. Development of the s − v plane

Definition 1 (see [37]) A symmetric 2k-step method with the characteristic equa-
tion given by (35) is said to have an interval of periodicity

(
0, s2

0

)
if, for all

s ∈ (
0, s2

0

)
, the roots zi , i = 1, 2 satisfy

z1,2 = e±i ζ(t h), |zi | ≤ 1, i = 3, 4 (36)

where ζ(t h) is a real function of t h and s = t h .

Definition 2 (see [37]) A method is called P-stable if its interval of periodicity is
equal to (0,∞).

Definition 3 A method is called singularly almost P-stable if its interval of peri-
odicity is equal to (0,∞)− S3 only when the frequency of the phase fitting is the
same as the frequency of the scalar test equation, i.e. mathrmv = s.

In Fig. 2 we present the s − v plane for the method developed in this paper. A
shadowed area denotes the s − v region where the method is stable, while a white
area denotes the region where the method is unstable.

4. Remarks and conclusions
In the case that the frequency of the scalar test equation is equal with the frequency
of phase fitting, i.e. in the case that v = s, we have the following figure for the
stability polynomials of the new developed methods.From the above diagram it is
easy to see that the interval of periodicity of the new methods is equal to: (0, 4.1).

Remark 2 For the solution of the Schrödinger equation the frequency of the expo-
nential fitting is equal to the frequency of the scalar test equation. So, it is necessary
to observe the surroundings of the first diagonal of the s −v plane. The expression
of the characteristic Eq. (35) in this case is shown in the Appendix B.

From the above analysis we have the following theorem:

Theorem 3 The method (9) with the coefficients given by (9), (16), (17), (19) is
of tenth algebraic order, has the phase-lag and its first derivative equal to zero
and has an interval of periodicity equals to: (0, 4.1).

3 Where S is a set of distinct points.
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Fig. 2 s − v plane of the New Method produced in Sect. 4

Table 2 Comparative stability
analysis for the methods
mentioned in the Sect. 5

Method Interval of periodicity

NUMEROV (0, 6)

RAAL (0,∞)− S

KALSIM (0,∞)− S

RAP (0, 9.87)

QT9 (0, 0.52)

QT11 (0, 0.17)

QT13 (0, 0.046)

CL (0, 1.3)

PLD1 (0, 8.5264)

PLD12 (0, 4.1)

Based on the analysis presented above, we studied the interval of periodicity of the
ten methods mentioned in the previous paragraph. The results presented in the Table 2.

6 Numerical results: conclusion

In order to illustrate the efficiency of the new methods obtained in paragraph 4, we
apply them to the radial time independent Schrödinger equation.

In order to apply the new methods to the radial Schrödinger equation the value
of parameter v is needed. For every problem of the one-dimensional Schrödinger
equation given by (1) the parameter v is given by
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v = √|q(x)| = √|V (x)− E | (37)

where V (x) is the potential and E is the energy.

6.1 Woods–Saxon potential

We use the well known Woods–Saxon potential given by

V (x) = u0

1 + z
− u0z

a (1 + z)2
(38)

with z = exp [(x − X0)/a] , u0 = −50, a = 0.6, and X0 = 7.0.
The behavior of Woods–Saxon potential is shown in the Fig. 3.
It is well known that for some potentials, such as the Woods–Saxon potential, the

definition of parameter v is not given as a function of x but it is based on some critical
points which have been defined from the investigation of the appropriate potential (see
for details [142]).

For the purpose of obtaining our numerical results it is appropriate to choose v as
follows (see for details [142]):

v =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

√−50 + E, for x ∈ [0, 6.5 − 2h],√−37.5 + E, for x = 6.5 − h√−25 + E, for x = 6.5√−12.5 + E, for x = 6.5 + h√
E, for x ∈ [6.5 + 2h, 15]

(39)

-50

-40

-30

-20

-10

0
2 4 6 8 10 12 14r

Fig. 3 The Woods–Saxon potential
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6.2 Radial Schrödinger equation: the resonance problem

Consider the numerical solution of the radial time independent Schrödinger equation
(1) in the well-known case of the Woods–Saxon potential (38). In order to solve this
problem numerically we need to approximate the true (infinite) interval of integration
by a finite interval. For the purpose of our numerical illustration we take the domain
of integration as x ∈ [0, 15]. We consider Eq. (1) in a rather large domain of energies,
i.e. E ∈ [1, 1000].

In the case of positive energies, E = k2, the potential dies away faster than the
term l(l+1)

x2 and the Schrödinger equation effectively reduces to

y′′(x)+
(

k2 − l(l + 1)

x2

)
y(x) = 0 (40)

for x greater than some value X .
The above equation has linearly independent solutions kx jl(kx) and kxnl(kx)

where jl(kx) and nl(kx) are the spherical Bessel and Neumann functions respectively.
Thus the solution of Eq. (1) (when x → ∞ ) has the asymptotic form

y(x) � Akx jl(kx)− Bkxnl(kx)

� AC

[
sin

(
kx − lπ

2

)
+ tan δl cos

(
kx − lπ

2

)]
(41)

where δl is the phase shift, that is calculated from the formula

tan δl = y(x2)S(x1)− y(x1)S(x2)

y(x1)C(x1)− y(x2)C(x2)
(42)

for x1 and x2 distinct points in the asymptotic region (we choose x1 as the right hand
end point of the interval of integration and x2 = x1 − h) with S(x) = kx jl(kx) and
C(x) = −kxnl(kx). Since the problem is treated as an initial-value problem, we need
y0, yi , i = 1(1)8 before starting an eight-step method. From the initial condition we
obtain y0. The other values can be obtained using the Runge–Kutta–Nyström meth-
ods of Dormand et. al. (see [8]). With these starting values we evaluate at x1 of the
asymptotic region the phase shift δl .

For positive energies we have the so-called resonance problem. This problem con-
sists either of finding the phase-shift δl or finding those E , for E ∈ [1, 1000], at which
δl = π

2 . We actually solve the latter problem, known as the resonance problem when
the positive eigenenergies lie under the potential barrier.

The boundary conditions for this problem are:

y(0) = 0, y(x) = cos
(√

Ex
)

for large x . (43)

We compute the approximate positive eigenenergies of the Woods–Saxon resonance
problem using:
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– The Numerov’s method which is indicated as Method I
– The Exponentially-fitted two-step method developed by Raptis and Allison [38]

which is indicated as Method II
– The Exponentially-fitted two-step P-stable method developed by Kalogitatou and

Simos [40] which is indicated as Method III
– The Exponentially-fitted four-step method developed by Raptis [39] which is indi-

cated as Method IV
– The eight-step ninth algebraic order method developed by Quinlan and Tremaine

[143] which is indicated as Method V
– The ten-step eleventh algebraic order method developed by Quinlan and Tremaine

[143] which is indicated as Method VI
– The twelve-step thirteenth algebraic order method developed by Quinlan and Tre-

maine [143] which is indicated as Method VII
– The classical eight-step method of the family of methods mentioned in Sect. 3

which is indicated as Method VIII
– The method produced by Alolyan and Simos [144] which is indicated as Method

IX
– The new developed eight-step method with phase-lag and its first and second deriv-

atives equal to zero obtained in paragraph 4 which is indicated as Method X.

The computed eigenenergies are compared with exact ones. In Fig. 4 we present
the maximum absolute error log10 (Err) where

Err = |Ecalculated − Eaccurate| (44)

of the eigenenergy E2 = 341.495874, for several values of NFE = Number of Function
Evaluations. In Fig. 5 we present the maximum absolute error log10 (Err) where

Err = |Ecalculated − Eaccurate| (45)

of the eigenenergy E3 = 989.701916, for several values of NFE = Number of Function
Evaluations.

7 Conclusions

In the present paper we have developed an eight-step method of tenth algebraic order
with phase-lag and its first derivative equal to zero.

We have applied the new method to the resonance problem of the one-dimensional
Schrödinger equation.

Based on the results presented above we have the following conclusions:

– The Exponentially-fitted two-step method developed by Raptis and Allison [38]
(denoted as Method II) is more efficient than the Numerov’s Method (denoted
Method I) and for low number of function evaluations is more efficient than
the Exponentially-fitted two-step P-stable method developed by Kalogitatou and
Simos [40] (denoted as Method III).
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Fig. 4 Accuracy (Digits) for several values of N F E for the eigenvalue E2 = 341.495874. The non-
existence of a value of Accuracy (Digits) indicates that for this value of NFE, Accuracy (Digits) is less
than 0
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Fig. 5 Accuracy (Digits) for several values of N F E for the eigenvalue E3 = 989.701916. The non-
existence of a value of Accuracy (Digits) indicates that for this value of NFE, Accuracy (Digits) is less
than 0

– The Exponentially-fitted two-step P-stable method developed by Kalogitatou and
Simos [40] (denoted as Method III) is more efficient than the Exponentially-fitted
two-step method developed by Raptis and Allison [38] (denoted as Method II) for
high number of function evaluations.

– The Exponentially-fitted four-step method developed by Raptis [39] (denoted as
Method IV) is more efficient than the Numerov’ Method (denoted Method I),
the Exponentially-fitted two-step method developed by Raptis and Allison [38]
(denoted as Method II) and the Exponentially-fitted two-step P-stable method
developed by Kalogitatou and Simos [40] (denoted as Method III)
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– The eight-step ninth algebraic order method developed by Quinlan and Tremaine
[143] (denoted as Method V) is more efficient than the Numerov’ Method (denoted
Method I), the Exponentially-fitted two-step method developed by Raptis and
Allison [38] (denoted as Method II) and the Exponentially-fitted two-step P-stable
method developed by Kalogitatou and Simos [40] (denoted as Method III) and less
efficient than the Exponentially-fitted four-step method developed by Raptis [39]
(denoted as Method IV)

– The ten-step eleventh algebraic order method developed by Quinlan and Tremaine
[143] (denoted as Method VI) is more efficient than the Numerov’ Method (denoted
Method I), the Exponentially-fitted two-step method developed by Raptis and
Allison [38] (denoted as Method II) and the Exponentially-fitted two-step P-stable
method developed by Kalogitatou and Simos [40] (denoted as Method III) and
the Exponentially-fitted four-step method developed by Raptis [39] (denoted as
Method IV) for small number of function evaluations

– The twelve-step thirteenth algebraic order method developed by Quinlan and
Tremaine [143] (denoted as Method VII) is more efficient than the Numerov’
Method (denoted Method I), the Exponentially-fitted two-step method developed
by Raptis and Allison [38] (denoted as Method II) and the Exponentially-fitted
two-step P-stable method developed by Kalogitatou and Simos [40] (denoted as
Method III), the Exponentially-fitted four-step method developed by Raptis [39]
(denoted as Method IV) for small number of function evaluations, the eight-step
ninth algebraic order method developed by Quinlan and Tremaine [143] (denoted
as Method V) for small number of function evaluations and the ten-step eleventh
algebraic order method developed by Quinlan and Tremaine [143] (denoted as
Method VI) for small number of function evaluations

– The classical eight-step method of the family of methods mentioned in paragraph
4 (denoted as Method VIII) is more efficient than the Numerov’ Method (denoted
Method I), the Exponentially-fitted two-step method developed by Raptis and
Allison [38] (denoted as Method II) and the Exponentially-fitted two-step P-sta-
ble method developed by Kalogitatou and Simos [40] (denoted as Method III),
the Exponentially-fitted four-step method developed by Raptis [39] (denoted as
Method IV) for small number of function evaluations, the eight-step ninth alge-
braic order method developed by Quinlan and Tremaine [143] (denoted as Method
V) for small number of function evaluations, the ten-step eleventh algebraic order
method developed by Quinlan and Tremaine [143] (denoted as Method VI) for
small number of function evaluations and the twelve-step thirteenth algebraic order
method developed by Quinlan and Tremaine [143] (denoted as Method VII) for
small number of function evaluations

– The method produced by Alolyan and Simos [144] is more efficient than all the
above mentioned methods

– The new developed eight-step method is more efficient than the method produced
by Alolyan and Simos [144]
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7.1 Summaries about the importance of properties for the numerical methods used
for the solution of the radial Schrödinger equation

From the analysis presented above (comparative error analysis and comparative stabil-
ity anslysis) and from the numerical results presented above, the following summaries
about the importance of the properties which have the numerical methods used for the
approximate solution of the radial Schrödinger Equation are excluded:

– The Algebraic Order of the Numerical Method is a very important property for the
numerical solution of this problem

– The Vanishing of the Phase-Lag and Its Derivatives is very important properties
for the numerical solution of this problem since leads to the reduction of the power
of G = Vc − E (where Vc is the constant approximation of the potential) in the
terms of the local truncation error

– The Large Interval of Periodicity doesn’t play important role for the numerical
solution of this problem although the existence of the non-vanishing interval of
periodicity plays important role since in this problem we haven’t abrupt changes
of the function y (see (1) during the integration.

All computations were carried out on a IBM PC-AT compatible 80486 using double
precision arithmetic with 16 significant digits accuracy (IEEE standard).

Appendix A

The Numerov’s method

LTECL = h6
[
− 1

240
y(x)G3 − 1

80
g(x) y(x)G2

+
(

− 1

40

(
d

dx
g(x)

) (
d

dx
y(x)

)
− 7

240

(
d2

dx2 g(x)

)
y(x)

− 1

80
g(x)2 y(x)

)
G − 1

240

(
d4

dx4 g(x)

)
y(x)

− 1

60

(
d3

dx3 g(x)

) (
d

dx
y(x)

)
− 7

240
g(x) y(x)

(
d2

dx2 g(x)

)

− 1

240
g(x)3 y(x)− 1

60

(
d

dx
g(x)

)2

y(x)

− 1

40
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)]
(46)

The Method of Raptis and Allison [38]

LTERAAL = h6
[
− 1

240
g(x) y(x)G2
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+
(

− 1

60

(
d

dx
g(x)

) (
d

dx
y(x)

)
− 1

40

(
d2

dx2 g(x)

)
y(x)

− 1

120
g(x)2 y(x)

)
G − 1

240

(
d4

dx4 g(x)

)
y(x)

− 1

60

(
d3

dx3 g(x)

) (
d

dx
y(x)

)
− 7

240
g(x) y(x)

(
d2

dx2 g(x)

)

− 1

240
g(x)3 y(x)− 1

60

(
d

dx
g(x)

)2

y(x)

− 1

40
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)]
(47)

The exponentially-fitted two-step P-stable method developed by Kalogitatou and
Simos [40]

LTEKALSIM = h6
[
− 1

144
y(x)G3 +

(
− 13

720
g(x) y(x)

− 1

144
y(x)

)
G2 +

(
− 11

720
g(x)2 y(x)

− 1

72
g(x) y(x)− 11

360

(
d

dx
g(x)

) (
d

dx
y(x)

)

− 23

720

(
d2

dx2 g(x)

)
y(x)

)
G − 1

240

(
d4

dx4 g(x)

)
y(x)

− 1

60

(
d3

dx3 g(x)

) (
d

dx
y(x)

)
− 7

240
g(x) y(x)

(
d2

dx2 g(x)

)

− 1

144
g(x)2 y(x)− 1

60

(
d

dx
g(x)

)2

y(x)

− 1

40
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)
− 1

144

(
d2

dx2 g(x)

)
y(x)

− 1

240
g(x)3 y(x)− 1

72

(
d

dx
g(x)

) (
d

dx
y(x)

)]
(48)

The exponentially-fitted four-step method developed by Raptis [39]

LTERAP = h8
[
− 19

6048
g(x) y(x)G3 +

(
− 95

2016

(
d2

dx2 g(x)

)
y(x)

− 19

1008

(
d

dx
g(x)

) (
d

dx
y(x)

)
− 19

2016
g(x)2 y(x)

)
G2

+
(

− 95

2016

(
d4

dx4 g(x)

)
y(x)− 95

1512

(
d3

dx3 g(x)

) (
d

dx
y(x)

)
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− 19

336
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)
− 703

6048
g(x) y(x)

(
d2

dx2 g(x)

)

− 19

252

(
d

dx
g(x)

)2

y(x)− 19

2016
g(x)3 y(x)

)

G

− 19

6048

(
d6

dx6 g(x)

)
y(x)− 19

1008

(
d5

dx5
g(x)

) (
d

dx
y(x)

)

− 19

378
g(x) y(x)

(
d4

dx4 g(x)

)
− 95

2016

(
d2

dx2 g(x)

)2

y(x)

− 247

3024

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

)

− 19

252
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

− 19

504
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

)

− 19

126

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d2

dx2 g(x)

)

− 209

3024
g(x)2 y(x)

(
d2

dx2 g(x)

)
− 19

216
g(x) y(x)

(
d

dx
g(x)

)2

− 19

6048
g(x)4 y(x)

]
(49)

The eight-step ninth algebraic order method developed by Quinlan and Tremaine [143]

LTEQT9 = −h10
[

320369

51840

(
d2

dx2 g(x)

)
y(x)

(
d4

dx4 g(x)

)

+
(

45767

12096
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

)

+ 9656837

725760

(
d2

dx2 g(x)

)2

y(x)+ 45767

145152
g(x)4 y(x)

+ 7734623

362880

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

)

+1418777

362880

(
d5

dx5
g(x)

) (
d

dx
y(x)

)

+ 1327243

725760

(
d6

dx6 g(x)

)
y(x)+ 45767

4536
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 1967981

181440
g(x) y(x)

(
d4

dx4 g(x)

)
+ 228835

24192
g(x)2 y(x)

(
d2

dx2 g(x)

)
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+ 45767

2268

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d2

dx2 g(x)

)

+228835

18144
g(x) y(x)

(
d

dx
g(x)

)2
)

G

+ 45767

725760
y(x)G5 +

(
45767

36288

(
d

dx
g(x)

) (
d

dx
y(x)

)

+228835

72576

(
d2

dx2 g(x)

)
y(x)+ 45767

72576
g(x)2 y(x)

)
G3

+
(

45767

12096
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)
+228835

24192
g(x) y(x)

(
d2

dx2 g(x)

)

+45767

9072

(
d3

dx3 g(x)

) (
d

dx
y(x)

)
+ 228835

36288

(
d

dx
g(x)

)2

y(x)

+45767

72576
g(x)3 y(x)+ 1967981

362880

(
d4

dx4 g(x)

)
y(x)

)
G2

+45767

9072

(
d

dx
g(x)

)3 (
d

dx
y(x)

)
+ 45767

12960

(
d3

dx3 g(x)

)2

y(x)

+ 45767

725760

(
d8

dx8 g(x)

)
y(x)+ 45767

90720

(
d7

dx7 g(x)

) (
d

dx
y(x)

)

+ 45767

725760
g(x)5 y(x)+ 1327243

90720

(
d

dx
g(x)

)2

y(x)

(
d2

dx2 g(x)

)

+ 45767

4032

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

+ 45767

11340

(
d

dx
g(x)

)
y(x)

(
d5

dx5
g(x)

)

+ 45767

2592

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 45767

2268
g(x)

(
d

dx
y(x)

) (
d2

dx2 g(x)

) (
d

dx
g(x)

)

+ 7734623

362880
g(x) y(x)

(
d3

dx3 g(x)

) (
d

dx
g(x)

)

+ 228835

36288
g(x)2 y(x)

(
d

dx
g(x)

)2

+ 45767

36288
g(x)3

(
d

dx
y(x)

) (
d

dx
g(x)

)
+ 45767

145152
g(x) y(x)G4

+ 45767

9072
g(x)2

(
d

dx
y(x)

) (
d3

dx3 g(x)

)
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+ 228835

72576
g(x)3 y(x)

(
d2

dx2 g(x)

)

+ 1418777

362880
g(x)

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 1327243

725760
g(x) y(x)

(
d6

dx6 g(x)

)

+1967981

362880
g(x)2 y(x)

(
d4

dx4 g(x)

)

+ 9656837

725760
g(x) y(x)

(
d2

dx2 g(x)

)2
]

(50)

The ten-step eleventh algebraic order method developed by Quinlan and Tremaine
[143]

LTEQT11 = −h12
[

1313975

114048
g(x)3

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 52559

912384

(
d10

dx10 g(x)

)
y(x)+ 262795

456192

(
d9

dx9 g(x)

) (
d

dx
y(x)

)

+1839565

152064

(
d4

dx4 g(x)

)2

y(x)+1313975

33792

(
d2

dx2 g(x)

)3

y(x)

+ 998621

16896

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 1839565

114048

(
d

dx
g(x)

)4

y(x)+3416335

456192

(
d

dx
g(x)

)
y(x)

(
d7

dx7 g(x)

)

+ 28644655

228096

(
d

dx
g(x)

)2 (
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 12876955

456192

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d6

dx6 g(x)

)

+ 262795

3168

(
d3

dx3 g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

+ 8146645

50688

(
d

dx
g(x)

) (
d

dx
y(x)

)
T3

+ 1839565

25344

(
d

dx
g(x)

)2

y(x)

(
d4

dx4 g(x)

)

+ 12561601

912384
g(x)2 y(x)

(
d6

dx6 g(x)

)
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+ 1629329

76032

(
d3

dx3 g(x)

)
y(x)

(
d5

dx5
g(x)

)

+ 4467515

304128

(
d2

dx2 g(x)

)
y(x)

(
d6

dx6 g(x)

)

+ 92766635

456192

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

+ 39051337

228096
g(x) y(x)

(
d2

dx2 g(x)

) (
d

dx
g(x)

)2

+ 6044285

57024
g(x)

(
d

dx
y(x)

) (
d4

dx4 g(x)

) (
d

dx
g(x)

)

+ 16450967

152064
g(x)2 y(x)

(
d3

dx3 g(x)

) (
d

dx
g(x)

)

+ 1313975

19008
g(x)2

(
d

dx
y(x)

) (
d2

dx2 g(x)

) (
d

dx
g(x)

)

+ 16976557

228096
g(x) y(x)

(
d5

dx5
g(x)

) (
d

dx
g(x)

)

+ 19184035

114048
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

+ 683267

5184
g(x) y(x)

(
d4

dx4 g(x)

) (
d2

dx2 g(x)

)

+ 52559

912384
g(x)6 y(x)+ 52559

912384
y(x)G6

+
(

262795

152064

(
d

dx
g(x)

) (
d

dx
y(x)

)
+ 4993105

912384

(
d2

dx2 g(x)

)
y(x)

+262795

304128
g(x)2 y(x)

)
G4 +

(
262795

38016
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)

+ 1313975

114048

(
d3

dx3 g(x)

) (
d

dx
y(x)

)

+ 1944683

114048

(
d4

dx4 g(x)

)
y(x)+ 3416335

228096

(
d

dx
g(x)

)2

y(x)

+262795

228096
g(x)3 y(x)+ 4993105

228096
g(x) y(x)

(
d2

dx2 g(x)

))
G3

+
(

12561601

912384

(
d6

dx6 g(x)

)
y(x)+ 1944683

38016
g(x) y(x)

(
d4

dx4 g(x)

)

+ 262795

304128
g(x)4 y(x)+ 1313975

19008

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d2

dx2 g(x)

)
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+ 1313975

38016
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 8251763

456192

(
d5

dx5
g(x)

) (
d

dx
y(x)

)

+ 262795

25344
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

)

+ 3416335

76032
g(x) y(x)

(
d

dx
g(x)

)2

+ 63123359

912384
T3 y(x)

+ 4993105

152064
g(x)2 y(x)

(
d2

dx2 g(x)

)

+16450967

152064

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

))
G2

+
(

3416335

76032
g(x)2 y(x)

(
d

dx
g(x)

)2

+ 8251763

228096
g(x)

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 16976557

228096

(
d

dx
g(x)

)
y(x)

(
d5

dx5
g(x)

)

+ 262795

38016
g(x)3

(
d

dx
y(x)

) (
d

dx
g(x)

)

+ 6044285

57024

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

+ 19184035

114048

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 39051337

228096

(
d

dx
g(x)

)2

y(x)

(
d2

dx2 g(x)

)

+ 12561601

456192
g(x) y(x)

(
d6

dx6 g(x)

)

+ 1313975

9504
g(x)

(
d

dx
y(x)

) (
d2

dx2 g(x)

) (
d

dx
g(x)

)

+ 16450967

76032
g(x) y(x)

(
d3

dx3 g(x)

) (
d

dx
g(x)

)

+ 1313975

38016
g(x)2

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 1944683

38016
g(x)2 y(x)

(
d4

dx4 g(x)

)

123
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+ 683267

5184

(
d2

dx2 g(x)

)
y(x)

(
d4

dx4 g(x)

)

+ 63123359

456192
g(x) y(x)T3 + 4993105

228096
g(x)3 y(x)

(
d2

dx2 g(x)

)

+ 2260037

28512

(
d3

dx3 g(x)

)2

y(x)+ 52559

7128

(
d7

dx7 g(x)

) (
d

dx
y(x)

)

+ 1208857

456192

(
d8

dx8 g(x)

)
y(x)+ 52559

152064
g(x)5 y(x)

+1313975

38016

(
d

dx
g(x)

)3 (
d

dx
y(x)

))

G

+ 3416335

228096
g(x)3 y(x)

(
d

dx
g(x)

)2

+ 262795

152064
g(x)4

(
d

dx
y(x)

) (
d

dx
g(x)

)

+ 1313975

38016
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)3

+ 52559

152064
g(x) y(x)G5

+ 4993105

912384
g(x)4 y(x)

(
d2

dx2 g(x)

)

+ 8251763

456192
g(x)2

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 52559

7128
g(x)

(
d

dx
y(x)

) (
d7

dx7 g(x)

)

+ 1944683

114048
g(x)3 y(x)

(
d4

dx4 g(x)

)

+ 2260037

28512
g(x) y(x)

(
d3

dx3 g(x)

)2

+ 63123359

912384
g(x)2 y(x)T3

+ 1208857

456192
g(x) y(x)

(
d8

dx8 g(x)

)

T3 =
(

d2

dx2 g(x)

)2
]

(51)

The twelve-step thirteenth algebraic order method developed by Quinlan and Tremaine
[143]

LTEQT13 = −h14
[

277130533751

943488000

(
d3

dx3 g(x)

) (
d

dx
y(x)

) (
d6

dx6 g(x)

)
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+ 505355679193

384384000
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

) (
d

dx
g(x)

)2

+ 16301796103

12418560
g(x) y(x)

(
d4

dx4 g(x)

) (
d

dx
g(x)

)2

+ 10253829748787

10378368000
g(x)2 y(x)

(
d2

dx2 g(x)

) (
d

dx
g(x)

)2

+ 1679084998609

988416000
g(x)

(
d

dx
y(x)

)
T5

(
d

dx
g(x)

)

+ 5689326839947

10378368000
g(x)2

(
d

dx
y(x)

) (
d4

dx4 g(x)

) (
d

dx
g(x)

)

+ 16301796103

18532800
g(x)2

(
d

dx
y(x)

) (
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

+ 41553278266547

72648576000
g(x)2 y(x)

(
d5

dx5
g(x)

) (
d

dx
g(x)

)

+ 13970639260271

13208832000
g(x)2 y(x)

(
d4

dx4 g(x)

) (
d2

dx2 g(x)

)

+ 16301796103

86486400
g(x)3

(
d

dx
y(x)

) (
d

dx
g(x)

) (
d2

dx2 g(x)

)

+ 8297614216427

20756736000
g(x)

(
d

dx
y(x)

) (
d6

dx6 g(x)

) (
d

dx
g(x)

)

+ 5982759169801

6918912000
g(x)

(
d

dx
y(x)

) (
d5

dx5
g(x)

) (
d2

dx2 g(x)

)

+ 1157427523313

2965248000
g(x)3 y(x)

(
d3

dx3 g(x)

) (
d

dx
g(x)

)

+ 30500660508713

145297152000
g(x) y(x)

(
d7

dx7 g(x)

) (
d

dx
g(x)

)

+ 46932870980537

96864768000
g(x) y(x)

(
d6

dx6 g(x)

) (
d2

dx2 g(x)

)

+ 1287841892137

1037836800
g(x)

(
d

dx
y(x)

) (
d4

dx4 g(x)

) (
d3

dx3 g(x)

)

+ 56746552234543

72648576000
g(x) y(x)

(
d5

dx5
g(x)

) (
d3

dx3 g(x)

)

+ 16301796103

518918400
g(x)4 y(x)

(
d

dx
g(x)

)2

+ 16301796103

6918912000
g(x)5

(
d

dx
y(x)

) (
d

dx
g(x)

)

123



1122 J Math Chem (2010) 48:1092–1143

+ 16301796103

79833600
g(x) y(x)

(
d

dx
g(x)

)4

+ 16301796103

115315200
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

)3

+ 16301796103

41513472000
g(x) y(x)G6

+ 374941310369

7264857600
g(x)2

(
d

dx
y(x)

) (
d7

dx7 g(x)

)

+ 1842102959639

41513472000
g(x)4 y(x)

(
d4

dx4 g(x)

)

+ 1287841892137

20756736000
g(x)3

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 10482054894229

41513472000
g(x)3 y(x)T5

+ 7808560333337

12108096000
g(x)2 y(x)T4

+ 4417786743913

9686476800
g(x) y(x)

(
d4

dx4 g(x)

)2

+ 1092220338901

290594304000
g(x) y(x)

(
d10

dx10 g(x)

)

+ 374941310369

29059430400
g(x)

(
d

dx
y(x)

) (
d9

dx9 g(x)

)

+ 18958988867789

290594304000
g(x)3 y(x)

(
d6

dx6 g(x)

)

+ 374941310369

41513472000
g(x)5 y(x)

(
d2

dx2 g(x)

)

+ 8819271691723

290594304000
g(x)2 y(x)

(
d8

dx8 g(x)

)

+ 79340841633301

96864768000
g(x) y(x)

(
d2

dx2 g(x)

)3

+ 16301796103

691891200
g(x)4

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 16301796103

290594304000
g(x)7 y(x)

+ 16301796103

290594304000
y(x)G7 +

(
16301796103

6918912000

(
d

dx
g(x)

) (
d

dx
y(x)

)

+374941310369

41513472000

(
d2

dx2 g(x)

)
y(x)+ 16301796103

13837824000
g(x)2 y(x)

)
G5
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+
(

1842102959639

41513472000

(
d4

dx4 g(x)

)
y(x)

+ 374941310369

8302694400
g(x) y(x)

(
d2

dx2 g(x)

)

+ 16301796103

1383782400
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)
+16301796103

8302694400
g(x)3 y(x)

+16301796103

518918400

(
d

dx
g(x)

)2

y(x)

+ 16301796103

691891200

(
d3

dx3 g(x)

) (
d

dx
y(x)

))
G4

+
(

16301796103

86486400

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d2

dx2 g(x)

)

+ 16301796103

172972800
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 1287841892137

20756736000

(
d5

dx5
g(x)

) (
d

dx
y(x)

)

+ 374941310369

4151347200
g(x)2 y(x)

(
d2

dx2 g(x)

)

+ 18958988867789

290594304000

(
d6

dx6 g(x)

)
y(x)

+ 1842102959639

10378368000
g(x) y(x)

(
d4

dx4 g(x)

)
+ 16301796103

8302694400
g(x)4 y(x)

+ 1157427523313

2965248000

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

)

+ 10482054894229

41513472000
T5 y(x)

+ 16301796103

691891200
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

)

+16301796103

129729600
g(x) y(x)

(
d

dx
g(x)

)2
)

G3

(
1842102959639

6918912000
g(x)2 y(x)

(
d4

dx4 g(x)

)

+ 16301796103

115315200
g(x)2

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 5689326839947

10378368000

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

123
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+ 16301796103

115315200

(
d

dx
g(x)

)3 (
d

dx
y(x)

)

+ 1287841892137

6918912000
g(x)

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 10253829748787

10378368000

(
d

dx
g(x)

)2

y(x)

(
d2

dx2 g(x)

)

+ 10482054894229

13837824000
g(x) y(x)T5

+ 16301796103

13837824000
g(x)5 y(x)

+ 16301796103

28828800
g(x)

(
d

dx
y(x)

) (
d2

dx2 g(x)

) (
d

dx
g(x)

)

+ 374941310369

7264857600

(
d7

dx7 g(x)

) (
d

dx
y(x)

)

+ 41553278266547

72648576000

(
d

dx
g(x)

)
y(x)

(
d5

dx5
g(x)

)

+ 7808560333337

12108096000
T4 y(x)

+ 16301796103

18532800

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 374941310369

4151347200
g(x)3 y(x)

(
d2

dx2 g(x)

)

+ 16301796103

86486400
g(x)2 y(x)

(
d

dx
g(x)

)2

+ 1157427523313

988416000
g(x) y(x)

(
d3

dx3 g(x)

) (
d

dx
g(x)

)

+ 18958988867789

96864768000
g(x) y(x)

(
d6

dx6 g(x)

)

+ 13970639260271

13208832000

(
d2

dx2 g(x)

)
y(x)

(
d4

dx4 g(x)

)

+ 8819271691723

290594304000

(
d8

dx8 g(x)

)
y(x)

+16301796103

691891200
g(x)3

(
d

dx
y(x)

) (
d

dx
g(x)

))
G2

+
(

16301796103

172972800
g(x)3

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 1092220338901

290594304000

(
d10

dx10 g(x)

)
y(x)

123



J Math Chem (2010) 48:1092–1143 1125

+ 374941310369

29059430400

(
d9

dx9 g(x)

) (
d

dx
y(x)

)

+ 4417786743913

9686476800

(
d4

dx4 g(x)

)2

y(x)

+ 79340841633301

96864768000

(
d2

dx2 g(x)

)3

y(x)

+ 5982759169801

6918912000

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 16301796103

79833600

(
d

dx
g(x)

)4

y(x)

+ 30500660508713

145297152000

(
d

dx
g(x)

)
y(x)

(
d7

dx7 g(x)

)

+ 505355679193

384384000

(
d

dx
g(x)

)2 (
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 8297614216427

20756736000

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d6

dx6 g(x)

)

+ 1287841892137

1037836800

(
d3

dx3 g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

+ 1679084998609

988416000

(
d

dx
g(x)

) (
d

dx
y(x)

)
T5

+ 16301796103

12418560

(
d

dx
g(x)

)2

y(x)

(
d4

dx4 g(x)

)

+ 18958988867789

96864768000
g(x)2 y(x)

(
d6

dx6 g(x)

)

+ 56746552234543

72648576000

(
d3

dx3 g(x)

)
y(x)

(
d5

dx5
g(x)

)

+46932870980537

96864768000

(
d2

dx2 g(x)

)
y(x)

(
d6

dx6 g(x)

)

+192573117364739

48432384000

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

+10253829748787

5189184000
g(x) y(x)

(
d2

dx2 g(x)

) (
d

dx
g(x)

)2

+5689326839947

5189184000
g(x)

(
d

dx
y(x)

) (
d4

dx4 g(x)

) (
d

dx
g(x)

)

+1157427523313

988416000
g(x)2 y(x)

(
d3

dx3 g(x)

) (
d

dx
g(x)

)
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+16301796103

28828800
g(x)2

(
d

dx
y(x)

) (
d2

dx2 g(x)

) (
d

dx
g(x)

)

+41553278266547

36324288000
g(x) y(x)

(
d5

dx5
g(x)

) (
d

dx
g(x)

)

+16301796103

9266400
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

+13970639260271

6604416000
g(x) y(x)

(
d4

dx4 g(x)

) (
d2

dx2 g(x)

)

+16301796103

41513472000
g(x)6 y(x)

+ 16301796103

129729600
g(x)3 y(x)

(
d

dx
g(x)

)2

+16301796103

1383782400
g(x)4

(
d

dx
y(x)

) (
d

dx
g(x)

)

+16301796103

57657600
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)3

+374941310369

8302694400
g(x)4 y(x)

(
d2

dx2 g(x)

)

+1287841892137

6918912000
g(x)2

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

+374941310369

3632428800
g(x)

(
d

dx
y(x)

) (
d7

dx7 g(x)

)

+1842102959639

10378368000
g(x)3 y(x)

(
d4

dx4 g(x)

)

+7808560333337

6054048000
g(x) y(x)T4 + 10482054894229

13837824000
g(x)2 y(x)T5

+8819271691723

145297152000
g(x) y(x)

(
d8

dx8 g(x)

))
G

+192573117364739

48432384000
g(x) y(x)

(
d2

dx2 g(x)

) (
d

dx
g(x)

) (
d3

dx3 g(x)

)

+374941310369

576576000

(
d

dx
g(x)

)2 (
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 16301796103

290594304000

(
d12

dx12 g(x)

)
y(x)

+16301796103

24216192000

(
d11

dx11 g(x)

) (
d

dx
y(x)

)
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+16301796103

366912000

(
d5

dx5
g(x)

)2

y(x)

+374941310369

6604416000

(
d3

dx3 g(x)

)
y(x)

(
d7

dx7 g(x)

)

+16301796103

41932800

(
d4

dx4 g(x)

) (
d

dx
y(x)

) (
d5

dx5
g(x)

)

+277130533751

8805888000

(
d2

dx2 g(x)

)
y(x)

(
d8

dx8 g(x)

)

+179319757133

1100736000

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d7

dx7 g(x)

)

+472752086987

36324288000

(
d

dx
g(x)

)
y(x)

(
d9

dx9 g(x)

)

+ 994409562283

16144128000

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d8

dx8 g(x)

)

+700977232429

8805888000

(
d4

dx4 g(x)

)
y(x)

(
d6

dx6 g(x)

)

+31804804196953

24216192000

(
d

dx
g(x)

)2

y(x)T5

+16301796103

8985600
T5

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+7449920819071

5189184000

(
d

dx
g(x)

) (
d

dx
y(x)

)
T4

+6537020237303

24216192000

(
d

dx
g(x)

)2

y(x)

(
d6

dx6 g(x)

)

+16301796103

19656000

(
d

dx
g(x)

)3 (
d

dx
y(x)

) (
d2

dx2 g(x)

)

+16301796103

22353408

(
d

dx
g(x)

)3

y(x)

(
d3

dx3 g(x)

)

+6863056159363

8805888000
T5 y(x)

(
d4

dx4 g(x)

)

+16301796103

18144000

(
d2

dx2 g(x)

)
y(x)T4

+16301796103

6864000

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

) (
d2

dx2 g(x)

)

+766184416841

756756000

(
d

dx
g(x)

)
y(x)

(
d5

dx5
g(x)

) (
d2

dx2 g(x)

)
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+13383774600563

9686476800

(
d

dx
g(x)

)
y(x)

(
d4

dx4 g(x)

) (
d3

dx3 g(x)

)

T4 =
(

d3

dx3 g(x)

)2

T5 =
(

d2

dx2 g(x)

)2
]

(52)

The Classical Method of the Family (see [144])

LTECL = h12
[
−20495533

3193344

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

− 58061

31933440

(
d10

dx10 g(x)

)
y(x)

− 58061

3193344

(
d9

dx9 g(x)

) (
d

dx
y(x)

)

− 290305

236544

(
d2

dx2 g(x)

)3

y(x)− 58061

152064

(
d4

dx4 g(x)

)2

y(x)

− 43139323

7983360
g(x) y(x)

(
d

dx
g(x)

)2 (
d2

dx2 g(x)

)

− 290305

133056
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

) (
d2

dx2 g(x)

)

− 18173093

5322240
g(x)2 y(x)

(
d

dx
g(x)

) (
d3

dx3 g(x)

)

− 1335403

399168
g(x)

(
d

dx
y(x)

) (
d4

dx4 g(x)

) (
d

dx
g(x)

)

− 4238453

798336
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

− 18753703

7983360
g(x) y(x)

(
d5

dx5
g(x)

) (
d

dx
g(x)

)

− 754793

181440
g(x) y(x)

(
d4

dx4 g(x)

) (
d2

dx2 g(x)

)

− 58061

114048

(
d

dx
g(x)

)4

y(x)− 987037

2128896

(
d2

dx2 g(x)

)
y(x)

(
d6

dx6 g(x)

)

− 58061

22176

(
d3

dx3 g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

− 754793

3193344

(
d

dx
g(x)

)
y(x)

(
d7

dx7 g(x)

)
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− 6328649

1596672

(
d

dx
g(x)

)2 (
d

dx
y(x)

) (
d3

dx3 g(x)

)

− 58061

25344

(
d

dx
g(x)

)2

y(x)

(
d4

dx4 g(x)

)

− 1799891

2661120

(
d3

dx3 g(x)

)
y(x)

(
d5

dx5
g(x)

)

− 1103159

591360

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d5

dx5
g(x)

)

− 1799891

354816

(
d

dx
g(x)

) (
d

dx
y(x)

)
Q0

− 406427

456192

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d6

dx6 g(x)

)

− 290305

266112
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)3

− 58061

1064448
g(x)4

(
d

dx
y(x)

) (
d

dx
g(x)

)

− 754793

1596672
g(x)3 y(x)

(
d

dx
g(x)

)2

− 58061

5322240
g(x) y(x)G5

− 290305

798336
g(x)3

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

− 2496623

997920
g(x) y(x)

(
d3

dx3 g(x)

)2

− 1103159

6386688
g(x)4 y(x)

(
d2

dx2 g(x)

)

− 1335403

15966720
g(x) y(x)

(
d8

dx8 g(x)

)

− 2148257

3991680
g(x)3 y(x)

(
d4

dx4 g(x)

)
− 69731261

31933440
g(x)2 y(x)Q0

− 13876579

31933440
g(x)2 y(x)

(
d6

dx6 g(x)

)

− 9115577

15966720
g(x)2

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

− 58061

249480
g(x)

(
d

dx
y(x)

) (
d7

dx7 g(x)

)

− 58061

31933440
g(x)6 y(x)− 58061

31933440
y(x)G6
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(
− 58061

1064448

(
d

dx
g(x)

) (
d

dx
y(x)

)

− 1103159

6386688

(
d2

dx2 g(x)

)
y(x)− 58061

2128896
g(x)2 y(x)

)
G4

+
(

−1103159

1596672
g(x) y(x)

(
d2

dx2 g(x)

)
− 2148257

3991680

(
d4

dx4 g(x)

)
y(x)

− 754793

1596672

(
d

dx
g(x)

)2

y(x)− 58061

1596672
g(x)3 y(x)

− 58061

266112
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)

− 290305

798336

(
d3

dx3 g(x)

) (
d

dx
y(x)

))
G3

+
(

− 9115577

15966720

(
d5

dx5
g(x)

) (
d

dx
y(x)

)

− 290305

133056

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d2

dx2 g(x)

)

− 18173093

5322240

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

)

− 58061

2128896
g(x)4 y(x)− 2148257

1330560
g(x) y(x)

(
d4

dx4 g(x)

)

− 290305

266112
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

)
− 69731261

31933440
Q0 y(x)

− 1103159

1064448
g(x)2 y(x)

(
d2

dx2 g(x)

)
− 13876579

31933440

(
d6

dx6 g(x)

)
y(x)

− 754793

532224
g(x) y(x)

(
d

dx
g(x)

)2

− 58061

177408
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

))
G2 +

(

− 9115577

7983360
g(x)

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

− 4238453

798336

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d3

dx3 g(x)

)

− 290305

266112
g(x)2

(
d

dx
y(x)

) (
d3

dx3 g(x)

)
− 58061

5322240
g(x)5 y(x)

− 2496623

997920

(
d3

dx3 g(x)

)2

y(x)− 290305

266112

(
d

dx
g(x)

)3 (
d

dx
y(x)

)
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− 290305

66528
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

) (
d2

dx2 g(x)

)

− 1335403

15966720

(
d8

dx8 g(x)

)
y(x)

− 43139323

7983360

(
d

dx
g(x)

)2

y(x)

(
d2

dx2 g(x)

)

− 18173093

2661120
g(x) y(x)

(
d

dx
g(x)

) (
d3

dx3 g(x)

)

− 1335403

399168

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

− 58061

249480

(
d7

dx7 g(x)

) (
d

dx
y(x)

)

− 69731261

15966720
g(x) y(x)Q0 − 754793

532224
g(x)2 y(x)

(
d

dx
g(x)

)2

− 18753703

7983360

(
d

dx
g(x)

)
y(x)

(
d5

dx5
g(x)

)

− 754793

181440

(
d2

dx2 g(x)

)
y(x)

(
d4

dx4 g(x)

)

− 13876579

15966720
g(x) y(x)

(
d6

dx6 g(x)

)

− 58061

266112
g(x)3

(
d

dx
y(x)

) (
d

dx
g(x)

)

− 1103159

1596672
g(x)3 y(x)

(
d2

dx2 g(x)

)

−2148257

1330560
g(x)2 y(x)

(
d4

dx4 g(x)

))
G

]
(53)

The method produced by Alolyan and Simos [144]

LTEPL = h12
[

20495533

3193344

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

+ 58061

31933440

(
d10

dx10 g(x)

)
y(x)+ 58061

3193344

(
d9

dx9 g(x)

) (
d

dx
y(x)

)

+290305

236544

(
d2

dx2 g(x)

)3

y(x)+ 58061

152064

(
d4

dx4 g(x)

)2

y(x)

+43139323

7983360
g(x) y(x)

(
d

dx
g(x)

)2 (
d2

dx2 g(x)

)
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+290305

133056
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

) (
d2

dx2 g(x)

)

+18173093

5322240
g(x)2 y(x)

(
d

dx
g(x)

) (
d3

dx3 g(x)

)

+1335403

399168
g(x)

(
d

dx
y(x)

) (
d4

dx4 g(x)

) (
d

dx
g(x)

)

+4238453

798336
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

) (
d2

dx2 g(x)

)

+18753703

7983360
g(x) y(x)

(
d5

dx5
g(x)

) (
d

dx
g(x)

)

+754793

181440
g(x) y(x)

(
d4

dx4 g(x)

) (
d2

dx2 g(x)

)

+ 58061

114048

(
d

dx
g(x)

)4

y(x)+ 987037

2128896

(
d2

dx2 g(x)

)
y(x)

(
d6

dx6 g(x)

)

+58061

22176

(
d3

dx3 g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

+ 754793

3193344

(
d

dx
g(x)

)
y(x)

(
d7

dx7 g(x)

)

+6328649

1596672

(
d

dx
g(x)

)2 (
d

dx
y(x)

) (
d3

dx3 g(x)

)

+58061

25344

(
d

dx
g(x)

)2

y(x)

(
d4

dx4 g(x)

)

+1799891

2661120

(
d3

dx3 g(x)

)
y(x)

(
d5

dx5
g(x)

)

+1103159

591360

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d5

dx5
g(x)

)

+1799891

354816

(
d

dx
g(x)

) (
d

dx
y(x)

)
Q0

+406427

456192

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d6

dx6 g(x)

)

+290305

266112
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

)3

+ 58061

1064448
g(x)4

(
d

dx
y(x)

) (
d

dx
g(x)

)

+ 754793

1596672
g(x)3 y(x)

(
d

dx
g(x)

)2
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+ 290305

798336
g(x)3

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+2496623

997920
g(x) y(x)

(
d3

dx3 g(x)

)2

+1103159

6386688
g(x)4 y(x)

(
d2

dx2 g(x)

)

+ 1335403

15966720
g(x) y(x)

(
d8

dx8 g(x)

)

+2148257

3991680
g(x)3 y(x)

(
d4

dx4 g(x)

)

+69731261

31933440
g(x)2 y(x)Q0

+13876579

31933440
g(x)2 y(x)

(
d6

dx6 g(x)

)

+ 9115577

15966720
g(x)2

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 58061

249480
g(x)

(
d

dx
y(x)

) (
d7

dx7 g(x)

)

+ 58061

31933440
g(x)6 y(x)

(
987037

31933440

(
d2

dx2 g(x)

)
y(x)+ 58061

15966720

(
d

dx
g(x)

) (
d

dx
y(x)

)

+ 58061

31933440
g(x)2 y(x)

)
G4

+
(

1799891

7983360
g(x) y(x)

(
d2

dx2 g(x)

)

+ 58061

228096

(
d4

dx4 g(x)

)
y(x)+ 58061

7983360
g(x)3 y(x)

+ 58061

362880

(
d

dx
g(x)

)2

y(x)

+ 58061

498960

(
d3

dx3 g(x)

) (
d

dx
y(x)

)

+ 58061

1330560
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

))
G3

+
(

987037

1330560
g(x) y(x)

(
d

dx
g(x)

)2

+ 58061

443520
g(x)2

(
d

dx
y(x)

) (
d

dx
g(x)

)
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+17824727

7983360

(
d

dx
g(x)

)
y(x)

(
d3

dx3 g(x)

)

+ 1103159

1995840
g(x)

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+1103159

997920

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d2

dx2 g(x)

)

+58061

57024
g(x) y(x)

(
d4

dx4 g(x)

)
+ 4238453

7983360
g(x)2 y(x)

(
d2

dx2 g(x)

)

+ 58061

5322240
g(x)4 y(x)

+23050217

15966720
Q0 y(x)+ 754793

2280960

(
d6

dx6 g(x)

)
y(x)

+ 406427

1140480

(
d5

dx5
g(x)

) (
d

dx
y(x)

))

G2

+
(

3425599

798336

(
d2

dx2 g(x)

) (
d

dx
y(x)

) (
d3

dx3 g(x)

)

+58061

18144
g(x)

(
d

dx
y(x)

) (
d

dx
g(x)

) (
d2

dx2 g(x)

)

+58061

10368
g(x) y(x)

(
d

dx
g(x)

) (
d3

dx3 g(x)

)

+1103159

241920

(
d

dx
g(x)

)2

y(x)

(
d2

dx2 g(x)

)

+2148257

798336

(
d

dx
g(x)

) (
d

dx
y(x)

) (
d4

dx4 g(x)

)

+5631917

2661120

(
d

dx
g(x)

)
y(x)

(
d5

dx5
g(x)

)

+30365903

7983360

(
d2

dx2 g(x)

)
y(x)

(
d4

dx4 g(x)

)

+58061

72576
g(x)2

(
d

dx
y(x)

) (
d3

dx3 g(x)

)

+ 58061

399168
g(x)3

(
d

dx
y(x)

) (
d

dx
g(x)

)

+ 58061

114048
g(x)3 y(x)

(
d2

dx2 g(x)

)

+1683769

1596672
g(x)2 y(x)

(
d

dx
g(x)

)2
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+10392919

7983360
g(x)2 y(x)

(
d4

dx4 g(x)

)

+58061

16128
g(x) y(x)Q0

+ 58061

76032
g(x) y(x)

(
d6

dx6 g(x)

)

+58061

63360
g(x)

(
d

dx
y(x)

) (
d5

dx5
g(x)

)

+ 58061

7983360
g(x)5 y(x)

+4586819

1995840

(
d3

dx3 g(x)

)2

y(x)+ 58061

72576

(
d

dx
g(x)

)3 (
d

dx
y(x)

)

+ 58061

725760

(
d8

dx8 g(x)

)
y(x)

+ 58061

285120

(
d7

dx7 g(x)

) (
d

dx
y(x)

))
G

]
(54)

where Q0 =
(

d2

dx2 g(x)
)2

Appendix B: The characteristic equation in the special case s = v

1

96

(
36 − 72 sin(v) v − 60 cos(v)3 v2 − 125 cos(v)3 v4

− 60 v2 cos(v)2 − 215 cos(v)2 v4 + 60 cos(v) v2 − 55 cos(v) v4

+60 v2 + 35 v4 + 288 sin(v) v cos(v)5 − 480 sin(v) v cos(v)4

− 336 sin(v) v cos(v)3 + 588 sin(v) v cos(v)2 + 12 sin(v) v cos(v)

+288 cos(v)6 − 288 cos(v)5 − 432 cos(v)4 + 468 cos(v)3 + 108 cos(v)2

−180 cos(v)) ϑ4/
(

T2 v2
)

+ 1

96

(
−144 + 336 sin(v) v + 360 v2 cos(v)4

+750 cos(v)4 v4 + 480 cos(v)3 v2 + 1480 cos(v)3 v4 − 240 v2 cos(v)2

+700 cos(v)2 v4 − 480 cos(v) v2 − 40 cos(v) v4 − 120 v2 − 10 v4

− 768 sin(v) v cos(v)6 + 384 sin(v) v cos(v)5 + 2688 sin(v) v cos(v)4

− 384 sin(v) v cos(v)3 − 2256 sin(v) v cos(v)2 − 1152 cos(v)7

+2880 cos(v)5 − 144 cos(v)4 − 2304 cos(v)3

+288 cos(v)2 + 576 cos(v))ϑ3/
(

T2 v2
)

+ 1

96
(288 + 240 v2 − 864 cos(v)+ 140 v4 + 384 sin(v) v cos(v)7

123



1136 J Math Chem (2010) 48:1092–1143

− 4032 sin(v) v cos(v)5 − 5808 sin(v) v cos(v)4 + 3984 sin(v) v cos(v)3

+4512 sin(v) v cos(v)2 − 192 sin(v) v cos(v)

+1920 sin(v) v cos(v)6 − 1872 cos(v)2

− 768 sin(v) v − 720 cos(v)5 v2 − 1500 cos(v)5 v4 − 3720 cos(v)4 v4

− 240 cos(v)3 v2 − 3380 cos(v)3 v4 − 1460 cos(v)2 v4 + 960 cos(v) v2

− 160 cos(v) v4 − 1440 v2 cos(v)4 + 1200 v2 cos(v)2

− 4032 cos(v)6 − 7344 cos(v)5 + 4752 cos(v)3

+1152 cos(v)8 + 4464 cos(v)4 + 3456 cos(v)7)ϑ2/
(

T2 v2
)

+ 1

96
(−432 − 360 v2

+1152 cos(v)− 30 v4 − 1536 sin(v) v cos(v)7 + 8064 sin(v) v cos(v)5

+6720 sin(v) v cos(v)4 − 7104 sin(v) v cos(v)3 − 7152 sin(v) v cos(v)2

+576 sin(v) v cos(v)− 768 sin(v) v cos(v)6 + 3168 cos(v)2 + 1200 sin(v) v

+1920 cos(v)5 v2 + 4000 cos(v)5 v4 + 7130 cos(v)4 v4 − 480 cos(v)3 v2

+6200 cos(v)3 v4 + 1980 cos(v)2 v4 − 1440 cos(v) v2 − 120 cos(v) v4

+480 v2 cos(v)6 + 2040 v2 cos(v)4 − 2160 v2 cos(v)2 + 11520 cos(v)6

+8064 cos(v)5 − 5760 cos(v)3 − 4608 cos(v)8

− 9648 cos(v)4 − 3456 cos(v)7

+ 1000 cos(v)6 v4)ϑ/
(

T2 v2
)

+ 1

96
(504 + 360 v2 − 1368 cos(v)+ 210 v4

+2304 sin(v) v cos(v)7 − 9408 sin(v) v cos(v)5 − 6240 sin(v) v cos(v)4

+7680 sin(v) v cos(v)3 + 8616 sin(v) v cos(v)2 − 792 sin(v) v cos(v)

− 768 sin(v) v cos(v)6 − 3384 cos(v)2 − 1392 sin(v) v − 2400 cos(v)5 v2

− 5960 cos(v)5 v4 − 8800 cos(v)4 v4 + 600 cos(v)3 v2 − 6430 cos(v)3 v4

− 2490 cos(v)2 v4 + 1800 cos(v) v2 − 210 cos(v) v4 − 960 v2 cos(v)6

− 1920 v2 cos(v)4 + 2520 v2 cos(v)2 − 15552 cos(v)6

− 6624 cos(v)5 + 5688 cos(v)3

+6912 cos(v)8 + 11520 cos(v)4 + 2304 cos(v)7

− 1520 cos(v)6 v4)/
(

T2 v2
)

+ 1

96
(−432 − 360 v2 + 1152 cos(v)− 30 v4 − 1536 sin(v) v cos(v)7

+8064 sin(v) v cos(v)5 + 6720 sin(v) v cos(v)4 − 7104 sin(v) v cos(v)3

− 7152 sin(v) v cos(v)2 + 576 sin(v) v cos(v)

− 768 sin(v) v cos(v)6 + 3168 cos(v)2

+1200 sin(v) v + 1920 cos(v)5 v2 + 4000 cos(v)5 v4 + 7130 cos(v)4 v4

− 480 cos(v)3 v2 + 6200 cos(v)3 v4 + 1980 cos(v)2 v4 − 1440 cos(v) v2

− 120 cos(v) v4 + 480 v2 cos(v)6 + 2040 v2 cos(v)4 − 2160 v2 cos(v)2

+11520 cos(v)6 + 8064 cos(v)5 − 5760 cos(v)3

123



J Math Chem (2010) 48:1092–1143 1137

− 4608 cos(v)8 − 9648 cos(v)4

− 3456 cos(v)7 + 1000 cos(v)6 v4)ϑ−1/
(

T2 v2
)

+ 1

96
(288 + 240 v2 − 864 cos(v)

+140 v4 + 384 sin(v) v cos(v)7

− 4032 sin(v) v cos(v)5 − 5808 sin(v) v cos(v)4

+3984 sin(v) v cos(v)3 + 4512 sin(v) v cos(v)2 − 192 sin(v) v cos(v)

+1920 sin(v) v cos(v)6 − 1872 cos(v)2 − 768 sin(v) v − 720 cos(v)5 v2

− 1500 cos(v)5 v4 − 3720 cos(v)4 v4 − 240 cos(v)3 v2 − 3380 cos(v)3 v4

− 1460 cos(v)2 v4 + 960 cos(v) v2 − 160 cos(v) v4 − 1440 v2 cos(v)4

+1200 v2 cos(v)2 − 4032 cos(v)6 − 7344 cos(v)5

+4752 cos(v)3 + 1152 cos(v)8

+ 4464 cos(v)4 + 3456 cos(v)7)ϑ−2/
(

T2 v2
)

+ 1

96
(−144 + 336 sin(v) v

+360 v2 cos(v)4 + 750 cos(v)4 v4 + 480 cos(v)3 v2 + 1480 cos(v)3 v4

− 240 v2 cos(v)2 + 700 cos(v)2 v4 − 480 cos(v) v2

− 40 cos(v) v4 − 120 v2 − 10 v4

− 768 sin(v) v cos(v)6 + 384 sin(v) v cos(v)5 + 2688 sin(v) v cos(v)4

− 384 sin(v) v cos(v)3 − 2256 sin(v) v cos(v)2

− 1152 cos(v)7 + 2880 cos(v)5

− 144 cos(v)4 − 2304 cos(v)3 + 288 cos(v)2

+576 cos(v))ϑ−3/
(

T2 v2
)

+ 1

96
(36

− 72 sin(v) v − 60 cos(v)3 v2 − 125 cos(v)3 v4

− 60 v2 cos(v)2 − 215 cos(v)2 v4

+60 cos(v) v2 − 55 cos(v) v4 + 60 v2 + 35 v4 + 288 sin(v) v cos(v)5

− 480 sin(v) v cos(v)4 − 336 sin(v) v cos(v)3 + 588 sin(v) v cos(v)2

+12 sin(v) v cos(v)+ 288 cos(v)6

− 288 cos(v)5 − 432 cos(v)4 + 468 cos(v)3

+108 cos(v)2 − 180 cos(v))ϑ−4/
(

T2 v2
)

= 0

T2: = cos(v)6 − 2 cos(v)5 − cos(v)4 + 4 cos(v)3 − cos(v)2 − 2 cos(v)+ 1

(55)
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